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Costas KOUNNAS†
Theoretical Physics Division, CERN
CH - 1211 Geneva 23
ABSTRACT
We present a way of constructing string solutions around non-trivial gravita-
tional backgrounds. The proposed solutions are constructed using N = 4 su-
perconformal building blocks with cˆ = 4. We give two different and inequiv-
alent realizations of non-trivial four-dimensional subspaces, and we show the
emergence of the N = 4 globally defined superconformal symmetry. The ex-
istence of N = 4 world-sheet symmetry stabilizes our solutions and implies in
target space a number of covariantized supersymmetries around space-time
dependent gravitational and dilaton backgrounds.
A way to better understand string theories and their induced low-energy field theories
coupled to Einstein gravity is to study classical string solutions in the presence of non-
trivial space-time backgrounds.
There are two ways to proceed in this direction:
(i) The first is to use a two-dimensional σ-model where the non-trivial backgrounds
correspond to some two-dimensional field-dependent coupling constants. The van-
ishing of the corresponding β-functions is then identified with the background field
equation of motion in the target space-time [1].
(ii) The second approach consists of constructing directly some underlying non-trivial
conformal field theory, and then trying to interpret the obtained string vacuum in
terms of the target space-time backgrounds.
The two methods are useful and complementary. The σ-mode approach provides a
clear geometric interpretation, but it has the disadvantage of the α′-expansion which
is valid only when all curvatures and derivatives on space-time background fields are
small. Via the σ-model approach one can easily obtain approximate solutions which
are in fact identical to the classical equation of gravity in the presence of a dilaton,
antisymmetric field and some gauged minimally coupled matter. However, the possible
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extension of these approximate solutions to exact string solutions is in general difficult
and an unsolved problem at the present time.
The two-dimensional conformal field theory approach takes into account all orders
in α′ automatically and has the main advantage of providing exact string vacua. The
background interpretation of a given exact string solution is a notion which is ill-defined
in general. Indeed, the notion of space-time dimensionality and topology breaks down
for a solution which involves highly curved backgrounds, namely when the metric and/or
gauge field curvatures are of the order of the string scale. A typical example of the space-
time dimensional and topological confusion is that of the SU(2) level k group manifold
compactification. For large k (small curvature) the target space is a three-dimensional
sphere S3, [SO(4)
SO(3)
≃ SO(3) ≃ SU(2)]. For small k (high curvature) this background
interpretation fails. It is in fact well known that the SU(2)k=1 WZW model is equivalent
to a c = 1 conformal system defined by one free bosonic co-ordinate compactified on a
cycle with a radius R = 2
R
=
√
2 (self-dual point).
Naively one may interpret T(R=
√
2) compactification as one-dimensional space with S
1
topology, which is in contradiction to the three-dimensional interpretation with S3 topol-
ogy of the SU(2)k=1. This shows that both the dimensionality as well as the topology
of the target space are not well-defined concepts in string theory. In general, a back-
ground interpretation of a given string solution exists only when the lower Kaluza-Klein
excitations have masses much smaller than the typical string scale (Mst = α
′−1/2).
In this talk, I will present a class of string solutions which is constructed by using
some N = 4 superconformal systems with cˆ = 4 as building blocks. In the limit of small
curvatures, these solutions have a non-trivial ten-dimensional background interpretation.
Furthermore, the globally defined underlying N = 4 worldsheet symmetry stabilizes
these solutions under string-loop perturbation, and implies some covariantized space-
time sypersymmetry around a non-trivial gravitational and dilaton background on the
target space.
More explicitly, we arrange the degrees of freedom of the ten supercoordinates in
three superconformal systems [2]-[5]:
cˆ = 10 = {cˆ = 2}+ {cˆ = 4}1 + {cˆ = 4}2 (1)
The cˆ = 2 subsystem is saturated by two free superfields. In one variation of our solu-
tions, one of the two free superfields is chosen to be the time-like supercoordinate and
the other to be one of the nine space-like supercoordinates. In other variations, both
supercoordinates are Euclidean or even compactified on a one- or two-dimensional torus.
The remaining eight supercoordinates appear in a group of four in {cˆ = 4}1 and
{cˆ = 4}2. Both {cˆ = 4}A subsystems show an N = 4 superconformal symmetry of the
2
Ademollo et al. type [6]. The non-triviality of our solutions follows from the fact that
some realizations of the cˆ = 4, N = 4 superconformal systems exist which are based on
geometrical and topological non-trivial spaces other than the T 4/Z2 orbifold and the K3
compact Calabi-Yau space. I will now present two different realizations.
(A) - W
(4)
k , semi-wormhole realization [7],[8] cˆ[W
(4)
k ] = 4
It is based on a supersymmetric version of the {U(1) × SU(2)k} WZW model. The
three bosonic coordinates parametrize the SU(2)k group manifold while the fourth one is
a free field with background charge Q. The four fermionic coordinates are free. In order
to obtain a cˆ[U(1)×SU(2)k] = 4 for any value of k, it is necessary to balance the central
charge deficit of the SU(2)k by a central charge benefit of the U(1) background charge
Q
cˆ[SU(2)k] =
2
3
[3− 6
k + 2
+
3
2
] = 3− 4
k + 2
cˆ[U(1)Q] =
2
3
[1 + 3Q2 +
1
2
] = 1 + 2Q2 (2)
(The contributions 3
2
and 1
2
inside [. . .] in the first and second line are those of the 3+1
free fermions).
From Eq. (2) one has
cˆ[SU(2)k] + cˆ[U(1)Q] = 4 + 2(Q
2 − 2
k + 2
) ,
and so cˆ[W
(4)
k ] = 4 only if
Q =
√
2
k + 2
(3)
The existence of N = 4, cˆ = 4 superconformal symmetry with this value of Q is found
in Ref. [7]. What is extremely interesting is the background interpretation of the W
(4)
k
space in terms of a four-dimensional (semi)-wormhole space given by Callan, Harvey and
Strominger in Ref. [8]. Indeed, for large k, the three SU(2)k coordinates define a three-
dimensional subspace with a non-trivial topology S3, while the fourth coordinate with a
background charge corresponds to the scale factor of the S3 sphere.
Another interesting interpretation of the W
(4)
k space is its connection with four-
dimensional dilaton-axion instantons [8]-[10]. Here, one assumes a string solution based
on a six-dimensional compact manifold K6 with cˆ = 6; our four-dimensional space-time
(after Euclidean rotation) is saturated by W
(4)
k with cˆ = 4.
The explicit realization of the N = 4 symmetry of W
(4)
k , as well as some other
properties of string solutions based on it, will be discussed later after I present a new
3
and inequivalent realization of a cˆ = 4, N = 4 superconformal system.
B - ∆
(4)
k Cigar-Bell and Trumpet-Bell realizations [5] cˆ[∆
(4)
k ] = 4
For large values of k (small curvatures), the ∆
(4)
k has a four-dimensional interpretation
which is different from W
(4)
k . The underlying two-dimensional action associated to ∆
(4)
k
is an exact superconformal theory based on a supersymmetric version of a gauged WZW
model, namely,
∆
(4)
k ≡
{[
SU(2)
U(1)
]
k
×
[
SL(2, R)
U(1)
]
k+4
}
SUSY
(4)
The relation among the levels k and k′ = k + 4 ensures cˆ[∆(4)k ] = 4 for any k
cˆ[
SU(2)
U(1)
]ss =
2
3
[
3k
k + 2
− 1 + 1] = 2− 4
k + 2
cˆ[
SL(2, R)
U(1)
]ss =
2
3
[
3k′
k′ − 2 − 1 + 1] = 2 +
4
k′ − 2 (5)
and so cˆ[∆
(4)
k ] = 4 when k
′ = k + 4. As we will show later, the above relation among the
levels is necessary for the existence of an N = 4 superconformal symmetry of Ademollo
type [6].
For large k, the ∆
(4)
k space has a dimensional target space interpretation based on a
non-trivial background metric Gij and dilaton field Φ given by [11]-[17],[2]-[5]
ds2 = k
{
(dα)2 + tan2 αdθ2
}
+ k′
{
(dβ)2 + tanh2 βdϕ2
}
(6a)
2Φ = log cos2 α+log cosh2 β+const. (6b)
with
α ∈ [0, π
2
]
⋃
[π,
3
2
π] , β ∈ [0,∞] , θ, ϕ ∈ [0, 2π]
The term proportional to k in Eq. (6a) parametrizes the two-dimensional subspace
defined by the
[
SU(2)
U(1)
]
k
parafermionic theory [18] and the one proportional to k′ is the
two-dimensional subspace which is defined by the non-compact parafermionic theory
[19],[20],[12] based on the
[
SL(2,R)
U(1)
]
k′
axial gauged WZW model. It is well known that a
different metric G˜ij and dilaton function Φ˜ are obtained if one chooses a vector gauging
instead of the axial one [15],[13]:
(U(1)V × U(1)V )→ ds˜2 = k
{
(dα)2 + 1
tan2 α
dθ2
}
+k′
{
(dβ)2 + 1
tanh2 β
dϕ2
}
(7a)
2Φ˜ = log sin2 α+log sinh2 β+const. (7b)
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In both versions of gaugings, ∆
(4)
k has always one non-compact coordinate (β) and
three compact ones (α, θ, ϕ). (Gij,Φ) and (G˜ij, Φ˜) are related by a generalized duality
transformation [14]:
R(t)→ 1
R(t)
, Φ→ Φ + logR(t) (8)
For later purposes, it is more convenient to use the complex notation:
z = (sinα)eiθ , ω = (sinh β)eiϕ , (axial case)
and (9)
z˜ = (cosα)eiθ , y = (cosh β)eiϕ , (vector case)
In terms of z and w, Gij and Φ are given by
(ds)2 = k
dzdz¯
1− zz¯ + k
′ dwdw¯
ww¯ + 1
, (10)
and
2Φ = log(1− zz¯) + log(ww¯ + 1) + const.
.
The dual metrics G˜ij and Φ˜ are given in terms of z˜ and y as:
(ds˜)2 = k
dz˜dz˜∗
1− z˜z˜∗ + k
′ dydy¯
yy¯ − 1 ,
and (11)
2Φ˜ = log(1− z˜z˜∗) + log(yy¯ − 1) .
From Eqs. (10) and (11), one observes that the
(
SU(2)
U(1)
)
k
metric and dilaton part are
self-dual, (z and z˜), while the
(
SU(2,R)
U(1)
)
k′
is not. The w subspace is regular while the y
subspace is singular).
The z subspace (or z˜) defines a two-dimensional Bell. Its metric Gzz¯, the Ricci tensor
Rzz¯ and its scalar curvature R
(z) are singular at the boundary of the Bell (z = 1):
Gzz¯ =
k
1− zz¯ , Rzz¯ =
−1
(1− zz¯)2 , R
(z) =
−1
k(1− zz¯) , (12)
The z-Bell is negatively curved for any value of |z| < 1.
The w subspace is regular everywhere with finite positive curvature and is asymptot-
ically flat for |w| → ∞
Gww¯ =
k′
ww¯ + 1
, Rww¯ =
+1
(ww¯ + 1)2
, R(w) =
+1
k′(ww¯ + 1)
, (13)
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It has a cigar shape with maximal curvature at w = 0.
The y subspace has a different shape from its w-dual. It looks like a two-dimensional
trumpet with infinite curvature at the boundary (y = 1). It is positively curved every-
where (|y| > 1) and is asymptotically flat for |y| → ∞:
Gyy¯ =
k′
yy¯ − 1 , Ryy¯ =
+1
(yy¯ − 1)2 , R
(y) =
+1
k′(yy¯ − 1) , (14)
We have therefore two different versions of the ∆
(4)
k space. The first one is that of
the (z, w)-BELL-CIGAR four-dimensional space and the second one is that of the (z˜, y)
BELL-TRUMPET four-dimensional space.
Up to now we have discussed the geometrical structure of the bosonic coordinates of
the ∆
(4)
k space. In order to complete the description of our solution, we must include
the fermionic superpartners of (z, w) coordinates, e.g., four Weyl Majorana left-handed
two-dimensional fermions (ψa+, a = 1, 2, 3, 4) as well as four Weyl-Majorana right-handed
ones (ψa−, a = 1, 2, 3, 4).
Because of the N = 1 local supersymmetry, the interactions among fermions are
fixed in terms of the two-dimensional σ-model backgrounds Gij , Bij and Φ). In the
superconformal gauge, one has the following generic form for the N = 1 σ-model action
(in the absence of Bij = 0):
S = − 1
2π
∫
dξdξ¯
{
V a+V
a
− −
1
2
(ψa+∇−ψa+−ψa−∇+ψa−)−
1
2
Rab,cdψ
a
+ψ
b
+ψ
c
−ψ
d
−+ΦR
(2)
}
(15)
where a = 1, 2, 3, 4 are local flat indices and
V a+ = E
a
i ∂X
i , V a− = E
a
i ∂¯X
i , with Gij = E
a
i E
a
j (16)
The ∇− and ∇+ denote the left- and right-handed covariant derivatives acting on left-
and right-handed fermions ψa+, ψ
a
−:
∇−ψa+ = ∂¯ψa+ + Γabcψc+V b−
∇+ψa− = ∂ψa− + Γabcψc−V b+ (17)
Since ∆
(4)
K is defined as a direct product of two two-dimensional subspaces, the σ-model
action can be written as:
S(∆
(4)
K ) = S
[
SU(2)
U(1)
]
k
+ S
[
SL(2, R)
U(1)
]
k′
(18)
Because of the identity
Rab,cdψ
a
+ψ
b
+ψ
c
−ψ
d
− = 2Rψ
1
+ψ
2
+ψ
1
−ψ
2
− , (19)
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valid in both subspaces and thanks to the relations [5]
− (R(z) + ΓzGzz¯Γz¯) = 1k ;
(
SU(2)
U(1)
)
k
(20a)
− (R(w) + ΓwGzz¯Γw¯) = −1k′ ;
(
SL(2,R)
U(1)
)
k′
(20b)
it is possible to rewrite the σ-model action in a more convenient form which shows in
particular (at least at the classical level) that the fermions can be described in terms of
two free bosonic fields compactified in a special radius. Indeed, using Eqs. (19) and (20),
one finds [5]:
S
[
SU(2)
U(1)
]
k
=
−1
4π
∫
dξdξ¯
{
∂A∂¯A+ t(A)2(∂θA −
√
2
k
ψ1+ψ
2
+) (∂¯θA −
√
2
k
ψ1−ψ
2
−)
−(ψ1+∂¯ψ2+ + ψ2+∂¯ψ2+ + ψ1−∂ψ1− + ψ2−∂ψ2−)
+
2
k
(ψ1+ψ
2
+) (ψ
1
−ψ
2
−) + logC
2(A)R(2)
}
(21)
where A, θA are rescaled fields so that, in the large k limit, real bosonic fields are con-
ventionally normalized [see Eq. (9)]:
sin2
A√
2k
= sin2 α = zz¯
−i 1
2
log
z
z¯
= θ =
θA√
2k
t(A)2 =
zz¯
1− zz¯ = tan
2 A√
2k
C(A)2 = 1− zz¯ = cos2 A√
2k
(22)
In a similar way, the
S
[
SL(2, R)
U(1)
]
k′
=
−1
4π
∫
dξdξ¯
{
∂B∂¯B + T (B)2(∂θB −
√
2
k′
ψ3+ψ
4
+) (∂¯θB −
√
2
k′
ψ3−ψ
4
−)
−(ψ3+∂¯ψ4+ + ψ4+∂¯ψ4+ + ψ3−∂ψ3− + ψ4−∂ψ4−)
− 2
k′
(ψ3+ψ
4
+) (ψ
3
−ψ
4
−) + logC(B)
2R(2)
}
(23)
where B and θB are now defined in terms of w fields:
sinh2
B√
2k′
= sin2 β = ww¯
−i 1
2
log
w
w¯
= ϕ =
θB√
2k
T (B)2 =
ww¯
1 + ww¯
= tanh2
B√
2k′
C(B)2 = 1 + ww¯ = cosh2
B√
2k′
(24)
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In both Eqs. (21) and (23), the pure fermionic part of the action is given by the free-
fermion kinetic terms together with some current-current interaction. This fact permits
us to describe the four left and the four right fermions in terms of free bosonic fields
φA, φB compactified in the shifted radii [5]:
R2A = 1 +
2
k
= k+2
k
;
(
SU(2)
U(1)
)
k
(25a)
R2B = 1− 2k′ = k
′−2
k′ ;
(
SL(2,R)
U(1)
)
k′
(25b)
The deviation from the value RA = RB = 1 is due to current-current interactions.
The decoupling of φA and φB fields can be seen via the bosonization of fermions and
the redefinition of the
(−)
∂ θA and
(−)
∂ θB bosonic currents order by order in a
1
k
or 1
k′
expansion. This statement is indeed exact and it follows from the fact that both
(
SU(2)
U(1)
)
k
and
(
SL(2,R)
U(1)
)
k′
are exact N = (2, 2) superconformal models. This fact is well known in
both SU(2)
U(1)
and SL(2,R)
U(1)
supersymmetric coset models in the compact and non-compact
parafermionic representations. The N = 2 generators, J(ξ), G(ξ), G¯(ξ) and T (ξ) are
given in terms of free-scalar fields (φA, φB) and in terms of (non-local) parafermionic
currents [18]-[21], (Pk,Πk′),
(i) -
(
SU(2)
U(1)
)
k
J(ξ) =
√
k
k + 2
∂φA
(−)
G (ξ) =
(−)
P k e
±i
√
k+2
k
φA
T (ξ) = −1
2
(∂φA)
2 + TP (ξ) (26)
(ii) -
(
SL(2,R)
U(1)
)
k′
J(ξ) =
√
k′
k′ − 2∂φB
(−)
G (ξ) =
(−)
Πk′ e
±i
√
k′−2
k′ φB
T (ξ) = −1
2
(∂φB)
2 + TΠ(ξ) (27)
φA and φB are free bosons compactified on radii RA =
√
k+2
k
and RB =
√
k′−2
k′ and
parametrize the fermions ψa±, a = 1, 2, 3, 4 which appear in the σ-model actions in Eqs.
(21) and (23) according to our previous discussion. For large k, k′, the operators ei
√
k+2
k
φA
8
and e
i
√
k′−2
k′ φB have conformal dimensions of almost 1
2
(hA =
1
2
+ 1
k
, hB =
1
2
− 1
k′ ) Pk and
Πk′ are the parafermionic currents with dimensions hP = 1− 1k and hΠ = 1+ 1k′ , so that
G(ξ) in Eqs. (26) and (27) are the N = 2 supercurrents of dimension 3
2
.
As usual, the compact and non-compact parafermions satisfy the algebra which follows
from their O.P.E. [18]-[20]:
Pk(ξ)P¯k(ξ
′) = 2
[(
k
k + 2
)
1
(ξ − ξ′)2 + TP (ξ
′)
]
(ξ − ξ′) 2k
Πk′(ξ)Π¯(ξ
′) = 2
[(
k′
k′ − 2
)
1
(ξ − ξ′)2 + TΠ(ξ
′)
]
(ξ − ξ′)− 2k′ (28)
and the dimension-2 operators TP (ξ) and TΠ(ξ
′) are their corresponding stress tensors.
TP (ξ) and TΠ(ξ
′) satisfy the Virasoro algebra
T (ξ)T (ξ′) =
c
2(ξ − ξ′)4 +
2T (ξ′)
(ξ − ξ′)2 +
∂T (ξ′)
(ξ − ξ′) (29)
with central charge cP =
3k
k+2
−1, cΠ = 3k′k′−2 −1. Using the above O.P.E. [Eqs. (28), (29)]
and those of the free fields
∂φA ∂φA = − 1
(ξ − ξ′)2 , ∂φB ∂φB = −
1
(ξ − ξ′)2 , (30)
it is easy to show the closure of the N = 2 algebra for both
(
SU(2)
U(1)
)
k
and
(
SL(2,R)
U(1)
)
k′
supersymmetric coset models.
What is interesting is the interpretation of the almost dimension-one, non-local cite-
bkk currents Pk and Pik′ for k and k
′ large citeee. Pk are the conjugate momenta of the
two-dimensional subspace z while Pik′ are those of the w subspace. As we mention in
the introduction, this interpretation breaks down for small values of k and k′, e.g., when
the target backgrounds are strongly curved.
For large values of k and k′, Pk generalizes two out of the four flat space currents
while Πk′ generalizes the two remaining ones [5], [23]
(−)
P k
k→∞−→ ±∂x1 + i∂x2
(−)
Π k′
k′→∞−→ ±∂x4 + i∂x3 (31)
We would like to show that for k′ = k + 4 the N = 2 superconformal symmetry is
extended to N = 4 with cˆ = 4(c = 6) for any value of k. For this purpose it is more
convenient to redefine the fields φA and φB in terms of two other bosonic fields H+ and
H− as follows:
√
2H+ =
√
k
k + 2
φA +
√
k + 4
k + 2
φB
9
√
2H− = +
√
k + 4
k + 2
φA −
√
k
k + 2
φB (32)
The N = 2 current of the ∆
(4)
k is then given uniquely in terms of the ∂H+ current. It is
then possible (due to the N = 2 algebra) to factor the H+ dependence from the (complex)
supercurrent. One finds [5]
G =
[
Pk e
i α√
2
H− +Πk′ e
−i 1
α
√
2
H−
]
e
i 1√
2
H+ (33)
with α =
√
k+4
k
.
It is suggestive to compare the above expression of the supercurrent with that of the
free-field realization [6] (k →∞, α = 1)
Gfree =
[
(∂x1 + i∂x2)e
i 1√
2
H− + (∂x4 + i∂x3)e
−i 1√
2
H−
]
e
i 1√
2
H+ (34)
Here H+ and H− are given in terms of free fermions via the conventional bosonization
√
2H+ = ψ1ψ2 + ψ4ψ3
√
2H− = ψ1ψ2 − ψ4ψ3 (35)
There are some similarities and some basic differences between the two realizations.
First, the roˆle of the H+ field is the same and, as is expected from the N = 2 algebra, is
a free field compactified on a radius RH+ =
√
c
3
=
√
2. This value of the radius is special
and extends in both cases the U(1) to SU(2)1 current algebra. In free field realization,
however, the N = 2 superconformal symmetry is extended to an N = 4, due to the
existence of an additional supercurrent, namely:
G˜free =
[
(∂x1 − i∂x2)e−i
1√
2
H− − (∂x4 − i∂x3)ei
1√
2
H−
]
e
i 1√
2
H+
In a similar way, an additional supercurrent exists also in the ∆
(4)
k realization [5]:
G˜ =
[
P¯k e
−i α√
2
H− − Π¯k′ ei
1
α
√
2
H−
]
e
i 1√
2
H+
(36)
The N = 4 superconformal algebra closes in both realizations among [TB, G, G˜ and
Si] with central charge cˆ = 4. This shows that the ∆
(4)
k space shares the same global
superconformal symmetries as the T 4/Z2 orbifold model, the four-dimensional Calabi-
Yau space K3 and the previously discussed W
(4)
k wormhole space. ∆
(4)
k and W
(4)
k are not
only non-trivial spaces but are also non-compact spaces (K3 and T
4/Z2 are compact).
For completeness, we will present below the basic operators and fields of the W
(4)
k
realization [7],[8],[2]-[5],[10]. As we already mentioned,W
(4)
k is based on a supersymmetric
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SU(2)k × U(1)Q WZW model with a background term Q =
√
2
k+2
in the U(1)Q current.
The four fermions of the model are free and are parametrized by the H+ and H− fields
(via bosonization) as in the free-field representation [Eq. (35)]. The four coordinate
currents are the three SU(2)k (J
i, i = 1, 2, 3) currents and the U(1)Q J4 current
J i(ξ)J i(ξ′) = −k
2
δij
(ξ − ξ′)2 + ǫ
ijℓ J
ℓ
(ξ − ξ′)2 , i = 1, 2, 3
J4(ξ)J4(ξ′) =
−1
(ξ − ξ′)2 ·
1
Q2
(37)
(the Q rescaling of J4 is for convenience).
The TB, B, G˜ and Si associated to W
(4)
k are
TB = −1
2
[
(∂H+)2 + (∂H−)2 +Q2 (J21 + J
2
2 + J
2
3 + J
2
4 + ∂J4)
]
G = Q
[
(J1 + iJ2) e
i 1√
2
H−
+ (J4 + i(J3 +
√
2∂H−)) e¯i
1√
2
H−
]
e
i 1√
2
H+
G˜ = Q
[
(J1 − iJ2) e¯i
1√
2
H− − (J4 − i(J3 +
√
2∂H−)) ei
1√
2
H−
]
e
i 1√
2
H+
S0 =
1√
2
∂H+ , S± = e
±i
√
2H+ (38)
In the W
(4)
k realization, both H
+ and H− are compactified on a torus with radius RH+ =
RH− =
√
2 as in the free field case. There are in total three underlying SU(2) Kac-Moody
currents: (i) the SU(2)k defined by the coordinate currents, (ii) the SU(2)
+
1 defined by
the H+ field RH+ =
√
2, (iii) the SU(2)−1 defined by the H
− field RH− =
√
2.
The background term in TB, (Q∂J
4), comes from a non-trivial dilaton background:
Φ = QX4. The term Q
√
2∂H− exp[±i 1√
2
H− + i 1√
2
H+] in G and G˜ describes, at the
same time, the standard fermionic torsion term ±Qψiψjψk (i = 1, 2, 3, 4) as well as the
fermionic background term ±Q∂ψi. They are arranged together in √2∂H− which shifts
the J3 current. Contrary to the ∆
(4)
k space in which the torsion terms were absent, inW
(4)
k
space there is a non-vanishing torsion due to the WZ term proportional to the SU(2)
structure constant. So, in W
(4)
k the antisymmetric field background Bij is non-zero with
non-trivial field strength Hijk
Hijk = e
−2φǫijk
ℓ∂ℓΦ ≃ e−2φQ · ǫ 4ijk (39)
Summarizing our results, we propose a special class of exact string solutions [2]-[5]
with N = (1, 0) or N = (1, 1) local worldsheet supersymmetry. In the type II case,
we arrange the degrees of freedom of the ten supercoordinates in three superconformal
systems:
cˆ = 10 = {cˆ = 2}0 + {cˆ = 4}1 + {cˆ = 4}2
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The cˆ = 2 system is saturated by two free superfields (compact or non-compact), and so
the background metric is flat:
ds2{F 2} = dxdx¯ , (x = x1 + ix2) .
The remaining eight supercoordinates appear in a group of four. In both {cˆ = 4}1,2
subsystems an N = 4 globally defined superconformal symmetry is assumed. We propose
three exact N = 4 superconformal systems with cˆ = 4.
(i) - F lat realization : cˆ = 4
ds2(F ) = dzdz¯ + dwdw¯
Φ = constant , Bij = constant
This realization includes the flat space as well as the toroidal T 4 and orbifold
T 4/Z2 models.
(ii) - Semi− wormhole space W (4)k with cˆ = 4
ds2(W ) = k
dzdz¯ + dwdw¯
zz¯ + ww¯
2Φ = log(zz¯ + ww¯)
Hijk = ǫijkℓ∂
ℓΦ
(iii) - The ∆
(4)
k realization with cˆ = 4
ds2(∆) = k
dzdz¯
1− zz¯ + (k + 4)
dwdw¯
ww¯ + ǫ
2Φ(∆) = log(1− zz¯) + log(ww¯ + ǫ) , ǫ = ±1
Hijk = 0
ǫ = 1 , Bell− Cigar space
ǫ = −1 , Bell− Trumpet space
Using as building blocks the F 2, F 4,∆4ǫ or W
4 superconformal systems, one obtains
several string solutions based on non-trivial ten-dimensional backgrounds. The advantage
of our solutions compared to the subclass of models (F 6×W (4)) studied in the literature
[8] lies in the complete knowledge of the {cˆ = 2}0 and {cˆ = 4}A superconformal theories.
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Due to this we are able to study not only the background solutions for large kA but also
the full string spectrum and derive the partition functions of the models in a modular
invariant way respecting the N = 4 superconformal symmetry [2]-[5]. Indeed, the full
spectrum is given in terms of several characters of known conformal theories. In the
W 4k realization [2]-[4] one uses a character combination of SU(2)k, SU(2)
+
1 and SU(2)
−
1
together with the U(1)Q Liouville-type characters. In ∆
(4)
k , one [5] uses the compact
[24] and non-compact [25] parafermionic characters (string functions) together with the
SU(2)+1 and U(1)
−
R
H−
(RH =
√
2
√
k+4
k
). Finally in F 2 and F 4, one uses non-compact,
toroidal or orbifold characters.
It is important to stress here that the character combinations above, are not arbitrary
but are dictated by the global existence of N = 4 superconformal symmetry as well as
modular invariance.
These requirements define some generalized GSO projections [2]-[5], similar to that
of the fermionic construction [26] and that of the conformal block construction [27] of
Gepner. One of these projections is fundamental and guarantees the existence of some
space-time supersymmetries via the N = 4 spectral flows. It can be expressed in terms
of the two N = 4 (cˆ = 4)A, A = 1, 2 {SU(2)+1 }A spins, [j(s1), j(s2)] [2]-[5]:
2(j(s1) + j(s2)) = odd integer . (40)
Equation (40) guarantees the existence of some covariantized target space symmetries
around the proposed non-trivial backgrounds. This stabilizes our solutions (at least
perturbatively) and projects out all kinds of tachyonic or complex conformal weight
states. This projection phenomenon is similar to the one observed by Kutasov and
Seiberg in the framework of non-critical superstrings with an N = 2 globally defined
superconformal symmetry [28].
Heterotic solutions are simply obtained via a generalized [29],[27] heterotic map. Here
also the solutions are stable but the number of covariantized space-time supersymmetries
is reduced by a factor of two.
We hope that our explicit construction of a family of consistent and stable solutions
will give a better understanding of some fundamental string properties, especially in
the case of strongly curved backgrounds (small kA) where the notion of the space-time
dimensionality and topology breaks down.
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